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The plane p rob l em of the decay  of an a r b i t r a r y  two-d imens iona l  d iscont inui ty  for the gasdynamics  
equations is  cons idered .  The in i t ia l  su r face  of the d iscont inui ty  is a s s um e d  to have the shape of 
an angle c lose  to 7r. The ex is tence  and uniqueness  of the solut ions of the p r o b l e m  in a l i n e a r  
fo rmula t ion  a r e  proved.  

L inea r  p r o b l e m s  on the d i f f rac t ion  and re f l ec t ion  of shocks have been cons ide red  in [1-3]. The p rob l em 
of the decay  of a two-d imens iona l  d iscont inui ty  r e duc e s  to a new boundary-value p r ob l e m  for equations of 
mixed type with discontinuous coeff ic ients .  

1.  F O R M U L A T I O N  O F  T H E  P R O B L E M  

Let some curve  F s e p a r a t e  a plane into two pa r t s ,  Do, D t. Two poly t rop ic  gases  in s t a t e s  c h a r a c t e r -  
ized by the constant  p a r a m e t e r s  

u = ux, v = v  1, P = P l ,  P----P1, S = S 1, 7 =71,  (x,g) ~ D  1 
u = u o, v =  v 0, p = p 0 ,  p-----o, S = So, Y =70 ,  ( x , g ) ~ D  O (1.1) 

a r e  in D O and D 1 at  the t ime  t = 0. 

The baffle F vanishes  at  the t ime t = 0. It i s  r equ i r ed  to d e s c r i b e  the gas motion. 

The solut ion of this  p r o b l e m  is known in the p a r t i c u l a r  case  when the in i t ia l  su r face  of d iscont inui ty  
is a s t r a i g h t  l ine.  Here the solut ion of the p r ob l e m  of the decay  of the d iscont inui ty  can be cons t ruc ted  in 
the c l a s s  of s e l f - s i m i l a r  solut ions of the one-d imens iona l  gasdynamics  equat ions.  It is  evident ly  imposs ib l e  
to cons t ruc t  the solut ion of the p rob lem in the c l a s s  of  s e l f - s i m i l a r  solut ions for an a r b i t r a r y  curve F .  

The n e c e s s a r y  condit ion for s e l f - s i m i l a r i t y  is  invar iance  of the in i t ia l  data  of the p r o b l e m  re l a t ive  
to the t r a n s f o r m a t i o n  of the independent  va r i ab l e s  x ,y  co r respond ing  to the in f in i tes imal  o p e r a t o r  [4] 

xO l Ox § gO / Og 

This condit ion is  sa t i s f i ed  if and only if the in i t ia l  su r face  of d iscont inui ty  F has  the shape of an angle.  
In this  c a se  the p r o b l e m  of seeking the s e l f - s i m i l a r  solut ion d e s c r i b i n g  the two-d imens iona l  decay  of a 
d iscont inui ty  o r ig ina te s .  

The decay  of a discont inui ty  s y m m e t r i c  with r e s p e c t  to the b i s e c t r i x  F t of the angle F is l a t e r  e x a m -  
ined. By v i r tue  of s y m m e t r y  on F 1 the condit ion of impene t r ab i l i t y  is  sa t i s f i ed .  Let  us in t roduce a fixed 
x ,y  coordina te  sy s t em in the flow plane so that at the t ime  t = 0 the or ig in  would coincide with the ve r tex  
of the angle and the y axis  would be d i r ec t ed  along the s ide F .  Let  F 1 be given by the equation y = -x  tg 
in this  coordina te  sys t em.  Then the ini t ia l  data (1~ should sa t i s fy  the r e l a t i onsh ips  v 1 = -u I tg a ,  v 0 = 
-u 0 tg ~. Without l imi t ing  the genera l i ty ,  we can cons ider  that  u 0 -- 0, Pl -> P0. 

If new dependent and independent v a r i a b l e s  cor respond ing  to the conical  flows 

~ = z / t ,  n = y l t ,  U = ( U , ~ = ( u - - L v - - n )  
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F ig ,  1 

a r e  i n t r o d u c e d ,  then  the s y s t e m  of g a s d y n a m i c s  equa t ions  wi l l  be  r e d u c e d  
to 

(U. V) U + 9-~Vp + U = 0 
(U.Vp) + p (d ivU + 2) = 0, (U.VS) = 0 (1.2) 

This  s y s t e m  i s  h y p e r b o l i c  for  [UI 2 > C 2 = Op/Op and e l l i p t i c  for  
Iv[~< c 2. 

F o r  l a r g e  V the d e c a y  of  the  d i s c o n t i n u i t y  i s  d e s c r i b e d  by  the 
known o n e - d i m e n s i o n a l  so lu t ion .  D i f f e r e n t  c o n f i g u r a t i o n s  of the  one -  

d i m e n s i o n a l  d e c a y  Of a d i s c o n t i n u i t y  a r e  hence  p o s s i b l e  depend ing  on the  m a g n i t u d e s  of the  c o n s t a n t s  p r e -  
s c r i b i n g  the i n i t i a l  s t a t e  (1.1). Fo l l owing  the  t e r m i n o l o g y  in the  book  [5], l e t  us  d e s i g n a t e  tha t  d e c a y  of a 
o n e - d i m e n s i o n a l  d i s c o n t i n u i t y  such  tha t  the s h o c k  goes  into D o and the r a r e f a c t i o n  wave  into D 1 as  the  c o n -  
f i g u r a t i o n  ,a. The c o n f i g u r a t i o n  B c o r r e s p o n d s  to two shocks  going  into D o and D~, and the  c o n f i g u r a t i o n  
C to two r a r e f a c t i o n  w a v e s .  

The a p p r o p r i a t e  i n e q u a l i t i e s  for  the i n i t i a l  da ta  (1.1) which wi l l  a s s u r e  r e a l i z a t i o n  of the  c o n f i g u r a t i o n s  
m e n t i o n e d  a r e  p r e s e n t e d  in [5]. Knowing the o n e - d i m e n s i o n a l  s o l u t i o n s , w e  can  c o n s t r u c t  the  b o u n d a r y  of 
the d o m a i n  in which  the flow wi l l  be e s s e n t i a l l y  t w o - d i m e n s i o n a l .  

F o r  l a r g e  ~ l e t  a o n e - d i m e n s i o n a l  d e c a y  of  the d i s c o n t i n u i t y  c o r r e s p o n d i n g  to  c o n f i g u r a t i o n  ~ o c c u r  
(Fig.  1). The so lu t ion  is  c o n s t r u c t e d  f r o m  the s i m p l e  R ie ma nn  wave  2 ~ and the two c o n s t a n t  f lows ad jo in ing  
the c o n t a c t  d i s con t inu i t y .  F r o m  the  i n t e r s e c t i o n  of F 1 with the f o r w a r d  f ron t  of the s i m p l e  wave  l e t  us  d r a w  
a c h a r a c t e r i s t i c  of the  s y s t e m  (1.2) in the known so lu t i on  2 ~ 2 to i n t e r s e c t  the f ron t  of the c on t a c t  d i s c o n -  
t inu i ty  at  the  po in t  G. In the c o n s t a n t  so lu t i on  3 l e t  us  c o n s t r u c t  a c i r c l e  U 2 + V 2 - C 2 i n t e r s e c t i n g  the f ron t  
of the  c o n t a c t  d i s c o n t i n u i t y  a t  the po in t  H. If VH > VG (as ho lds  in F ig .  1), then  a c h a r a c t e r i s t i c  is  d r a w n  
f r o m  the po in t  H a long  the c o n s t a n t  so lu t i on  2 to  the  i n t e r s e c t i o n  with  the c h a r a c t e r i s t i c  NG. The known 
b o u n d a r y  NMHF and the unknown s h o c k  f r o n t  FE  c l o s e  the f low d o m a i n  of  a doub le -wave  type .  The b o u n d a r y  
of the  m e n t i o n e d  d o m a i n  can be c o n s t r u c t e d  a n a l o g o u s l y  in the r e m a i n i n g  c a s e s  a l so .  A de f in i t e  b o u n d a r y -  
va lue  p r o b l e m  for  the  s y s t e m  (1.2) with the unknown b o u n d a r i e s ,  the s h o c k  and c on t a c t  d i s c o n t i n u i t y  f ron t s ,  
o r i g i n a t e s  in the  d o m a i n  NMHFE.  

Le t  us  c o n s i d e r  the  p r o b l e m  of the d e c a y  of a d i s c o n t i n u i t y  in a l i n e a r  f o r m u l a t i o n  by  a s s u m i n g  the 
ang le  a s m a l l .  L e t  us  t ake  the o n e - d i m e n s i o n a l  ( e c a y  of a d i s c o n t i n u i t y  for  ~ = 0 a s  the  fundamen ta l  s o l u -  
t ion on which  the l i n e a r i z a t i o n  i s  c a r r i e d  out. 

Conf igu ra t i on  A. Some p o s s i b l e  f o r m s  of the p e r t u r b e d  flow d o m a i n  for  the  l i n e a r  p r o b l e m  a r e  r e p -  
r e s e n t e d  in F i g s .  2a ,  b, and c. The flow can  be c o n s i d e r e d  p o t e n t i a l  in the  d o m a i n  LMN. Le t  us  i n t r o d u c e  
the f low p o t e n t i a l  by  m e a n s  of  the  f o r m u l a s  r ~ = U, r V = V and l e t  us  r e p r e s e n t  the funct ion  ~ as  

w h e r e  r is  the p o t e n t i a l  c o r r e s p o n d i n g  to  the fundamen ta l  so lu t ion .  An equa t ion  fo r  the p e r t u r b a t i o n  p o t e n -  
t i a l  r is  ob t a ined  a f t e r  l i n e a r i z a t i o n :  

n2 _ _  2C,  T] - -  t - -  Ul) ~)'~" 7] + i Ti + I (~ - -  u l )  , • 
~, + I 7, + i (~ - -  " . " (1.3) 

The boundary conditions for the function ~ are the following: r = -u17 ? on the characteristic LM, and 
r = -2~y 1+ 1)-I(CI + ~ ) - (TI - 1)(~I + 1)-lul for p = O. Linearizirlg the system (!.2) in the constant solu- 
tions2, 3 results in the equations 

(xj. V) u j = Vp j, (xj.  V) p~ = div u j, (xj. V) p~ = div u j (1.4) 

Here  U j ,  pJ, pJ(j  = 2, 3) a r e  the  d e s i r e d  d i m e n s i o n l e s s  p e r t u r b a t i o n s  de f ined  a s  f o l l o w s :  

u : u~ + aCju j, p : pj + ~9jC.i~p ~ 

9 : P~ ( t +  ~pJ), xj : (~ - -  U0) / Cj, Y~ = 'l / Cj 

w h e r e  pj ,  p j ,  Ci,  U j = (U0, 0) a r e  the  gas  p a r a m e t e r s  in the  fundamen ta l  c o n s t a n t  so lu t i ons .  ,4n equa t ion  for  

the  funct ion  pJ fo l l6ws f r o m  the s y s t e m  (1.4): 

i J (xj2 _ ) pxF j + 2xjyj~iv ~ + (y~2 _ i) p ~  + 2xjp~ + 2y~p~v~ = 0 (1.5) 
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Fig.  2 

in the p e r t u r b e d  domain  be  g iven by the equat ion 

~ =  U0 

The bounda ry  condi t ions  for  the s y s t e m  
(1.4) a r e  

p ~ = u  2 = p ~ = O ,  v ~ = - u  1/C~, ( ~ , ~ I ) ~ M G  

v ~ = - U  o/C~, pw ~=0 ,  g~=O, p ~ = u  s = p ~ = v  s = O  

( ~ , ~ ) ~ G E ,  v ~ = - U o / C ~ ,  p~os=O, y ~ = O  

Let  the f ron t  of the contac t  d iscont inui ty  

+ ~1 (~) 

The condi t ions  on the contac t  d iscont inui ty  yield  the following boundary  condi t ions :  

7~P ~ = ?oP3, C~ u~ = C~ u3 = l 01) - -  ~ll' 01), x~ = xa = 0 

Using (1.4), the l a s t  r e l a t ion  can be wr i t t en  as  

C~px, ~ = Capx, a (y~, = Cc~Cay~) 

Let  the p e r t u r b e d  por t ion  of  the shock  f ront  be given by the equat ion 

( Da--Uo [ ( T o - - t ) M a Z + 2 ~ ' / ,  D~ ) 
x~ = k~ + a*.~(v~) ks = T = 2-?~oM~----~o-~-~ J ' M 3  = -07-0 

where  D a is the ve loc i ty  of  the unper tu rbed  s h o c k  front .  Using the Hugoniot  r e la t ionsh ip  on the shock,  the 
u 3, v 3, p3  p3 can  be ca lcu la ted  on the boundary  EF:  

ua~_ 2 M a " + t  2ka(M3 ~ - t )  _ , .  . 
7~ -~- l Ma"' (*3 (V3) - -  Y3~' (V3)), 03 = - -  (T0 - -  l) Ma ~ ~-Z '~pa (Ya) 

p3 _- 4ks 4 
~'o + i (% (Ya) - -  Y3*' (Y~)), Pa = - -  . (c0+ i ) ~ u ~ o  (r  - ~,~'  (v~)) 

F r o m  (1.4), (1.6) we obtain 

u5 (k~ ~ - -  1) p~J ~- [(L~ + k 3 ur ~ - -  ~V~jl p~ ~ = 0 

xi = kj ( / =  3), L a = 2ka-lMs -~ (Ma ~ + i), 

Na = (Y0 + !) (~[a z --  i) [2 ((0 --  l) Mat -{- 61-1 

(1.6) 

(1.7) 

Still ano ther  smoo th - shock- f ron t  condi t ion at  the point  E should be sa t i s f ied  on EF:  

I p dt 4k3 v+S(k3't) t = ~0+l~-- (1.8) 
EF 

Configurat ion B (Figs.  3a, b, c). In this ca se  the l i nea r i zed  equat ions  a r e  in the f o r m  (1.4), (1.5) for  
j = 23 3.. The bounda ry  condi t ions  in the domain  ~23 a r e  the s a m e  as in the case  of  conf igura t ion  A. The con-  
d i t ions  on the bounda r i e s  MG, GH, NH in the domain  I2 2 a l so  do not change.  The condit ions on the boundary  
MH 

x~ = k~. = -- [(% -- i) M2 ~ + 2lV, [23"~I~ 2 -- T~ + i]-'4, 1~/2 = ] D2 --  Ul] / C~ 

have the s a m e  f o r m  as  the condi t ions  on the boundary  x 3 = k 3 if "Y0 is r e p l a c e d  e v e r y w h e r e  in (1.6)-(1.8) by 
Y1 and the s u b s c r i p t  3 by  2, with the except ion  of the second  condi t ion (1.6),which is in this ca se  

V2 = 2k~ (M~ - -  1) ul 
- -  (Y1-- t):~1~-" + z  *~' (Y2) O5 

Conf igura t ion  C (Figs .  4a, b). The boundary  condi t ions  and equat ions  r e m a i n  the s a m e  in the domains  

i+'it I+. L J L_ II 
N /I F N H F N ff F 

a b l  c 

Fig. 3 

~l ,  92 as  in the case  of conf igura t ion  A. The equat ion for  the 
pe r t u rba t i on  potent ia l  and the boundary  condit ions in the do-  
ma in  ~4 a g r e e  with the equat ion and condi t ions  which a r e  valid 
in ~ i  if  u i = 0 is subst i tu ted,  and ~, CI, VI a r e  r ep l aced  by 
- ~ ,  C0,T 0. The s a m e  boundary  condi t ions  a r e  valid on the 
r ema in ing  boundar ies  GE, GH, and HQ as  in the case  of  con-  
f igura t ion  B. 

158 



2. EXISTENCE AND UNIQUENESS OF THE SOLUTION OF 

THE LINEAR PROBLEM 

The existence and uniqueness of the solution will be proved under the following constraints on the 
parameters of the problem : 

in the ease  of configuration A and 

in the case  of configurat ion B. 

ii - k/)'/~ < r162 < (1 - k/)-'/, 

For  such a choice of the initial data (1.1) the cha rac t e r i s t i c  issuing f rom the in te rsec t ion  of the line 
of degenera t ion  x~ + y.2 _ 1 of one of the equations (1.5) with the line GH t e r m i n a t e s  on the line of degene ra -  ] 
tion of the second~ equation (Figs. 2, 3a, b). Otherwise,  this c h a r a c t e r i s t i c  a r r i v e s  on the shock (Figs. 2, 3c). 

The solution of the l inear ized  p rob lem outside the domains ~l,  ~ ~3 is found uniquely in explici t  form~ 
As has been shown in [6]; equation (1.3) is in tegra ted  in quadra tures ,  and the mixed p rob l em in the domains  
~21 and ~2 4 reduces  to the solution of an Abel in tegral  equation of the f i r s t  kind, solvable  explici t ly.  By the 
change of va r i ab les  

z = O ~ arc cos r~ -1, �9 = 0 --  arc cos rj -~ 
- (2.1) (0 = arc tg (Yi / xj), ri2 ~ Xj~. _~ yj2) 

(1.5) is reduced in the hyperbol ic  domain  to the wave equation pzT j = 0. Knowing the genera l  form of the 
solution of (1.5), the solution of the linear problem outside the domains o-~, cr2, r can be constructed ex- 

plicitly. 

Therefore, the proof of the existenee and uniqueness of the solution of the problem of the decay 
of a discontinuity reduces to the proof of these facts for the auxiliary problem eonsisting of the following: 
Tind a pair of functions P = (p2(x2, Y2), py(X3, Y3)) defined for x 2 -~ 0, x 3 -~ 0, respectively, which will satisfy 
(1.5) (j =2~ 3), be continuous in the closed domains ch, ~2, ~3, twice continuously differentiable, in the domains 

" PyjJ a2, ~3, and continuously different iable  in the domain (% such that  the de r iva t ives  p x J ,  will exis t  and be 
J 

continuous for  x i=0  and, in the case  of configurat ions A and B, for  xj =kj .  The functions pJ(xi,~ yj) should 
sa t i s fy  the fol loMng boundary conditions for  A, B, C: 

pu~ ~ = O, Ys = O, p~ [z = XJ (YJ) 

7~p 2 = yop 3, C~p~ ~ = C~p:r ~, x~ = x3 = 0 (2.2) 

The following conditions a re  posed for  A, B: condition (1.7) (j -- 3) and the in tegra l  condition 

(2 ~3~ 
9 

should be sa t i s f ied  on the boundary x 3 = k 3. 

In the case  of configurat ion B, condition (1.7) (j = 2) is a l so  sa t is f ied  on the boundary x 2 = k2; m o r e o v e r  

6 2 (P) = ~ pu,2(k~., t" dt ) - - -~  = T2 
(} 

(2.4) 

Here l is p a r t  of the domain boundary o'lVo'2Uo" 3 consis t ing of segments  of the line of degenera t ion  of 
the type of (1.5) and of the cha r ac t e r i s t i c  bounding the domain ~3; T1 and T 2 a r e  given constants ,  XJ(Yj) a re  

functions di f ferent iable  along l with H~lder continuous de-  

~ I  I, ~Ail  I 1 ] ~ ~ ~  i 1 1  I ~ [~ I I rivative, andkj'=~--~. 
~ g zl~.~f,r ] ] K I ~  t Theorem 1. The solution of the p rob lem (1.7), (2.2)- 

L N // ~ F  L N H L/F 
a b 

Fig. 4 

(2.4) is unique under  the assumpt ions  made above. 

By vir tue  of the l inear i ty  of the p r o b l e m  it is suf-  
f icient to show that  the homogeneous p rob l em has  just  a 
t r iv ia l  solution. Let  X j ffj) = T1 = T 2  = 0. Let  us continue 
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the solution in a domain symmet r i c  relative to the axes Y2 = Y~ = 0 by assuming pJ (xj, yj) = pJ(xj, - y j ) .  Let 

{ Tof(Xa, Y3), x ~ > 0  
P* = ~'~p~ (xz, y~), x~ ~ 0 

The function p ,  cannot reach a global positive maximum or negative minimum within the domain of 
ell ipticity gl ,  ~ since otherwise p~ = eonst in any internal subdomain, and therefore  p ,  = 0. The ext remum 
is not reached on the line x~ = x 3 = 0 either.  Indeed, in the cases corresponding to Figs. 2, 3, and 4a, at the 
point of  the posit ive maximum,  Px:  -< 0 and p_.~23 >0 according to the Itopf maximum principle [7, 8], which 
contradicts  condition (2.2). Now p ,  = const along the f i rs t  family charac te r i s t i c  intersect ing the boundaries 
x 2 = x 3 = 0 in the domain cry. Therefore,  the ext remum cannot be reached in the closed domain cr 3 either.  
In the case  of the configuration C the uniqueness of the solution is proved since the function p~ = 0 on the 
remaining boundaries.  In the case of configurations A and B the function p~ cannot reach  the ext remum even 
at the points x 3 = k3, Y3 ~ 0 since it follows f rom condition (1.7) and the equality py3 3 = 0 that px3 3 = 0 while 
px. 3 ~ 0 at the ex t remum points according to the Hopf maximum principle.  Let us assume that the ex t remum 
is ~reached at the point x3 = ks, Y3 = 0. L e t u s  put p0 3 = p3(k3, 0). Integrating (2.3) by par ts ,  we obtain 

�9 + y  d,=0 - . -~-  
0 

But both t e rms  in (2.5) have the same sign in the case of a positive maximum or negative minimum, f rom 
which we obtain that p0 3 = 0. In the case of configuration B it is shown analogously that the function p ,  can-  
not reach  the ex t remum for x 2 = k 2. The theorem is proved. 

Coro l la ry  1. For  any two solutions Pl  and P2 of the homogeneous problem (1.7), (2.2) the l inear de-  
pendence of the solutions P~ and P2 follows f rom the l inear dependence of the vectors  ~ (P1) = (6 I(P1), ~ 2(P1)), 
r = (~ ~(P2), ~ 2(P~.)). 

The existence of the solution is proved by reducing the problem to some singular integrM equation. 
Let us give on the " m e r g e r "  line x 2 = x 3 = 0 

pv2 ~ = 0) (y~), p~S = ~1To-lC3C -1r (C3C - ly3)  (2 .6)  

Here co(y) is an a r b i t r a r y  function (co(0) = 0). One of the conditions (2.2) will hence be satisfied. The 
mixed problem (2.2), (2.6) in the domain cr 3 can be solved explicitly; in par t icular ,  the quantities Px~ can be 
calculated for xj = 0 and P0j for rj = 1. 

4 

By the change of var iables  

2Rj 
0 = 0 ' ,  r j =  Rj~+t (2.7) 

(1.5) is reduced, to the Laplace equation in the domain of ellipticity. It follows from (2.1), (2.7) that the de-  
r ivat ives Pr] become infinite on the order  of ll-rj[-1/2 on the lines of degeneration. 

Let us examine the analytic function 

agI (~j) = p ~ / _  ip~/ q = 2, 3) 

~j = Rj cos 0, ~1~ = R~ s in e,  ~j ~ ~j A- i~lj 

By vir tue of the boundary conditions Hilbert problems originate for 4 2 and ~3 in the domains e t  and 
~2- The solution of the Hilbert  problem is sought in the class  of solutions bounded at points of discontinuity 
of the coefficients of the boundary condition. The solution in a domain of quadrant type (in the domain ~1 in 
Fig. 2a) is hence determined uniquely in explicit form, and in a domain of quadrangle type (the domain ~l 
in Fig. 2a) to the accuracy  of an a rb i t r a ry  constant. Evaluating Px~ for xj = 0 by means of the solution found 
and satisfying the second condition in (2.2) on the line x 2 = x~ = 0, ~e obtain a singular integral equation to 
determine the function co (y). 
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O m i t t i n g  the i n t e r m e d i a t e  c a l c u l a t i o n s ,  l e t  u s  w r i t e  down  the  i n t e g r a l  e q u a t i o n  fo r  the  e a s e  c o r r e s p o n d -  
ing  to F ig .  2a :  

\ - s /  

[ ( -it-Ts - 2 g ~  O(y)--O y - - ~  dv+ Ts-~ V-i~-"~y 2 • 
o 

1 

' " Y (st)  g~ (st)  - -  g~- (sy)  t2 ----~]~ .. 
1 l 

X --]/.~]/'d--:"~---t .g~2Sg(st)g'(st)~ (~Y) YY(SY)(st) [ ~  x ' '  ( V ~  + \ v ~ ]  

"+" ~ Xa' ~ dt + s,~_ (y, s) 0 y -- -- [0 (y -- 4_) Xa' X 

H e r e  

s = C2C3 - 1 ,  T = 70~h -1 ,  

d = (s -- i) (s + l)-L 

q = ( i  - -  ks) ( l  + k~)-'  

b = (~ --  i) (9 + l)- '  

D is a n  a r b i t r a r y  c o n s t a n t ,  0 (y) i s  t he  H e a v i s i d e  func t ion ,  ~2(z,q) ,  33(z ,q)  a r e  e l l i p t i c  t h e t a - f u n c t i o n s ,  and  
t he  c o n s t a n t s  e and  fl s a t i s f y  the  s y s t e m  of e q u a t i o n s  

1 ka 8~ N 3 k 3  
e -~- ~ - -  L3 - -  N~  i - -  k3 2 ' 8 - ~  ~ = "1 - -  k3 2 

M o r e o v e r  

co  

g (t) = -- 2g V' ~'z (0, q) I !  (i - -  q2n)__~ + 4q~nt_~ 
(}a (0, q) t ~_.= (f -- q2"-l)z + 4q2',-lt: 

c o  

Y (t) = 2q 'h ~)z~ (0, q) [1-  [(1 + q~n-1).z _ 4qZ,L-lt~] [(1 + q2,~)z _ 4q~,~tz] 
~z ~ (0, q) n~--~ 1= [(t + d----q="---1) ")"--~- 4dqU'~-lt2---~-~ [(-1 ~ b q - - ~ ~ t z l  

In  the  g e n e r a l  c a s e  the  s i n g u l a r  i n t e g r a l  e q u a t i o n  i s  

L~  (y) ---- G (y) + D1Hl(y) + D2H~(y ) (2.9) 

where L is a singular operator with coefficients continuous in the segment [0, I], G(y) is a linear operator 
over the known boundary data, Hl(y ) and H2(y ) are HSlder continuous functions independent of the boundary 
data, and D I and D 2 are arbitrary constants. In the case of configuration A, H1(y ) ~ O, H2(Y ) -  0, in the case 
of configuration B, Hi(y) ~ O, H2(Y) ~ 0, and in the case of configuration C, Hi(y ) -  0, H2(Y) --- 0. The index 
of the integral equation (2.9) in the class of solutions bounded at the point y -- 0 is zero. 

The proof of the existence of the solution of the original problem reduces to proving the existence of 
the solution of the integral equation (2.9) and to determining constants D I and D 2 such that the solution of the 
corresponding Hilbert problem would satisfy the conditions (2.3), (2.4). The arbitrary constants D I and D 2 
originate in the solution of the Hilbert problem as was mentioned above. Let P = ~I,(w) be the operator set- 
ting the solution of (2.9) for fixed D I and D 2 in correspondence with the solution of the Hilbert problem with 
the same constants D 1 and D 2. 

Theorem 2. The solution of the problem (1.7), (2.2)-(2.4) exists under the assumptions made above. 

Configuration C. The homogeneous integral equation (2.9) corresponds to the homogeneous problem 
(2.2). By virtue of Theorem 1 and the equality ~ = 0, (2~ is solvable for any right-hand side. In this case 
the existence of the solution is proved. 

Configuration A. Let the homogeneous equation (2.9) have only a trivial solution. Then the inhomo- 
geneous equation is solvable for any right-hand side. Equation (2.9) with the right-hand side D~HI(y)cor- 
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responds  to the homogeneous  p rob lem (1.7), (2.2). 
opera to r  set t ing its solution in cor respondence  with the r ight-hand side of (2.9). 
that 

61 (P,) ~ 0 

Let  us put  

Let  wl(y) = L-1HI(y), P = ~!,(c~l). Here  L -1 is a l inear  
It  follows f rom Th eo rem 1 

(2.10) 

o~ (y) = Dl~1(y ) -b L-1G(Y), P = V7 (r = D1P1 -~ P~ 

By sat isfying condition (2.3) we obtain a l inear  equation in the constant  DI: 

61 (P) = D181(P1) �9 61 (P~) = T, 

which is solvable  uniquely because  of (2.10). 

Let  c00(y ) be a nontr ivia l  solution of the homogeneous integral  equation. According to Coro l la ry  1, any 
other  solution of this equation depends l inear ly  on w0(Y)- Then the d imensional i ty  of the space  of solu-  
tions of the adjoint homogeneous equation in the adjoint c lass  of solutions [9] a lso  equals one. Let  9 ,  (y) be 
a nontr ivial  solution of the adjoint homogeneous equation. Compliance with the solvabi l i ty  condition 

1 

((o., F) = S F (t) m, (t) dt = 0 (2.11) 
0 

is n e c e s s a r y  and sufficient  for  the solvabi l i ty  of (2.9) with the r ight  side F(y). 

It is a s s e r t e d  that  (co,, H l) ~ 0. If this is not so, then (2.9) with the r ight  side Hi(y) is solvable.  But 
by v i r tue  of Coro l la ry  1 the functions w{y) = L-1HI(y) and c00(y) a r e  l inea r ly  dependent, which is imposs ib le .  
The solvabi l i ty  condition for  the integral  equation can be sa t is f ied by  se lec t ing the constant  D 1. The genera l  
solution of (2.9) is 

o~ (y) : L -~ (D1HI(y) -}- G (y)) -{- D0(oo(y) 

where  D O is an a r b i t r a r y  constant .  By vir tue of (2.9) the condition (2.3) can be sa t is f ied  by select ing D O . 

.Configuration B. Le t  the homogeneous equation (2.9) have just  a t r iv ia l  solution. Let us put 

~ (Y) = L-1HI(Y), r176 = L-1H~(Y), P1 = ~ (ml), P~ = v~ (%) 

We obtain f rom the l inear  independence of the functions H i and H 2 and Corol la ry  1 

de t (6k (P l ) )~0  (k = i ,  2; / = i ,  2) (2.12) 

The genera l  solution of (2.9) is 

m (y) = Dl~)l(y ) -~- Dr + L-1G (y) 

Let P = ~(oJ). By sa t i s fy ing conditions (2.3), (2.4) we obtain a s y s t e m  of two l inear  equations solvable 
by v i r tue  of (2.12). In this case ,  the solution exis ts .  

Let  the d imens ional i ty  of the space of solutions of the homogeneous equation be one, and co, (y) the 
solution of the adjoint homogeneous equation as in the previous  case .  It can be shown that  e i ther  (Hi, co, ) 
0 or  (H2,c0 , )  # 0. For  def in i teness  let  

(HI, ~,) == at=/= 0, (H2, o,) = b I 

b I =~ 0; 

(2.13) 

Let  us put 

l t ~ ( y )  = b ~ H l ( y )  + alH~(y), t t 4 ( y  ) = b l H ~ ( y )  - -  a~H2(y)  for 

H3(y) = HI(y), H,(y) = H2(y) for b I = i0 

Equation (2.9) can be wri t ten  in the equivalent  fo rm 

Lr (y) = DsH3(y ) ~ D4H4(y ) -~ G (y) 

The condition for solvabi l i ty  of (2.13) 

D~ (Hs, ~,) § (G, co,) = 0 
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can be sa t is f ied  by se lec t ing  D 3. The goneral  solution of (2.13) is 

o) (y) --- L-I(D3H~(y) + G(y)) + D4L-!H,(y ) + D~o)o(y) 

where D 4 and D 5 a re  a r b i t r a r y  constants~ 

Let 

According to Corol la ry  1 

Po = ~ (~ PI = ~' (L-IH4) 

det (6k (Pz)) =/= 0 (k = t ,  2; l--- 0, 1) 

Therefore ,  conditions (2.3), (2.4) can even be sa t i s f ied  in this case .  

It is shown by analogous reasoning  that  the solution of the p rob l em also ex is t s  in the case  when the 
d imensional i ty  of the space  of solutions of the adjoint homogeneous equation is two. It cannot  be g r e a t e r  
than two because  of Coro l l a ry  1. The theo rem is proved.  

In conclusion, the author is gra teful  to L. V. Ovsyannikov for  i n t e re s t  in the r e s e a r c h  and useful  c o m -  
ments .  
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